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TRANSFORMATION OF THE GIL'DEN—MESHCHERSKII PROBLEM TO ITS
STATIONARY FORM AND THE LAWS OF MASS CHANGE”

L. M. BERKOVICH

The autonomization method is applied to one of the possible formulations of the
Gil'den—Meshcherskii problem of two bodies, representing two points of variable
mass. In oxder to find all possible mathematical laws of mass change which have to
be fulfilled, the equation of motion is to be reduced to its stationary form. It
is found that the real mass can be neither periodic, nor oscillatory. The laws
established include, as particular cases, the classical laws of Meshcherskii and
Eddington—Jeans. All rectilinear solutions of the Gil'den —Meshcherskii problem
are also obtained.

1. One of the best known problems of celestial mechanics is the classical, nonstationary
Gil'den— Meshcherskii problem which is used to describe the evolution of double stars with
secular loss of mass caused by the photonic and corpuscular activity. The Gil'den— Meshcher-
skii problem serves as a mathematical model for describing various cases of motion of the
bodies of variable mass such as: the motion of a mass point in the gravitational field of a
body with a variable mass; or a relative motion of two bodies of variable mass in the case
when their Newtonian interaction exceeds appreciably the reaction forces; also when a perturb-
ing force, frictional in character and compensating the reaction forces are present, etc.
(see e.g. /1~3/}).

We consider the equation of motion of the form

= —pu{f)r /3 (1.1)

Here r=(z, y) is the radius vector of the motion of one mass point relative to other point
in the orbital plane, p () is a function of time & and r=|r|, We note that the applica-
tion to the two-body problem of the Dirac's cosmological hypothesis /4/ postulating that the
gravitational constant changes with time, yields the same equation.

The following laws of mass change p{) under which the equation (1.1} can be integrated
in gquadratures, called respectively the first, second and the unified Meshcherskii laws, are

k :
nown RO = (@t 4 B @)= (et BT ()= (e by (1.2)

The laws (1.2) can be physically substantiated with help of the Eddington— Jeans theory /5/
of intermal structure and evolution of stars
JRp—— (1.3)

where k is a proportiocnality coefficient and the index Vv satisfies the inequality 1<v< 3
(v=2 gives the first, and v=3 the second Meshcherskii law). The relation (1.3} can, of
course, be generalized by removing the restrictions imposed on the index v (in particular, when
v=0, the mass varies linearly, while with ~=1 it varies exponentially).
Using the variable transformation
r=yo({p, di=u{)dt, p=(§ u, vipeCh v elp u)e(t)£0, Visl (1.4)

where I is an open, bounded or unbounded interval on the time t-axis and ¢ is a space of
functions twice continuously differentiable on 7, we can reduce the problem (1.1), using the
mass change laws given above, to the stationary form

P b’ -k bep = —peplp?, () =d/dt (1.5)
Here b, n, are real constants and », can either be a real, or a purely imaginary constant.

By virtue of the Stdckel-—Lie theorem, (l.4) represents the most general transformation
preserving the order of the equation, the linearity of its linear part, and the structure of
its nonlinear part.

We shall establish all possible laws of mass change under which the problem (1.1} can be
transformed, using (1.4), to the form (1.5).

Since the laws sought represent not only the sufficient, but also the necessary condi-
tions of existence of the corresponding transformation (1.4), it means that the solution of
our problem cannot be obtained by semi-inverse method, nor by the heuristic substitutions.
The solution obtained is based on the method of autonomization of differential equations /6/.
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2. Lemma 1. The problem (1.1) will be transformed by means of (1.4) to the form (1.5)
it is necessary and sufficient that the kernel # () and the multiplier v(f) of the transformation
(1.4) satisfy the equations

i'_"_.——_i(iy—ié“i“ov &= b — 4by (2.1)
2w A\ 4
v bt 0y by =0 (2.2)
!
b.._:_T;_z'—S(Sr-i dt) T20, b0, el (2.3)
fo
Here v(). u(t) and u (t) are connected by the following relations:
B = peut R (), o@=|u r"’oxp(i%bl 5 udz), v bgu (1) = 0 (2.4)

In addition, the problem (l1.1) admits a one-parameter Lie group with the infinitesimal operat-

or Lo v 9
'7&‘@(%“@) (2.5)
and has particular solutions
r=1 (O, A== —pg/ by, byF0 (2.6)

We note that the Lemmas and theorems appearing in this paper are all given without proof.

Lemma 2. General solution of (2.1) has the form

(at + B et +Ba)™h &= (asfa — wsfy)2 > C
w(t) ={ (4 L Bt + Oy, 0=DBt_44C <0
(az +B)2, 6=0
Particular cases of this solution are described by the formulas
u() = (@t +H7 w@=1
Lemma 3. a) General solution of (2.2)has the form
v () = (o £ + Bt + B)]'ey —4by = (01B5 — asfy)? >0
v(t) = (A2 ++ Bt + ', —4by = B* — 4AC <0
v () = at-+ B, by =0
and important particular cases of this solution are
vi)=Var+B vi=1
b) General solution of (2.3) is given by the relations

) = (et B E (0gt 4 B T, vy = Yamk b /YR, 8= (@B —afy)? >0

— =

v(t)== (A2 Bt - C)''* exp (—l— by arctg y]./t_i), d=B—440< 0, v(t)= (at+ B exp[F b/ Qa(at + B, 8=0

and particular cases of this solution have the form
v () =@t BY/AENCD o (1) = exp (£, b12)
3. Theorem 1. Problem (1.1) will be transformed to the form (1.5) with & =0, itis

r=tu|"p, dt= udt

(3.1)
necessary and sufficient that the mass p(t) satisfies the differential equation
W — 2pmIptE 4 bops = 0 (3.2)
Here the relations (3.1), (2.5) and (2.6) assume, respectively, the form
r=plp, dr=p¥dt, X=np-t 5 Tac T (z«i-{— yi) r=p A, A= —u,/ by byE0
at oz ay/’
Theorem 2. The transformation
1 (3.3)

r=|u|"/’cxp (ijblsudt)p, dt=udt

transforms the problem (1.1) to the form (1.5) (b, +0) it is necessary and sufficient so that
the mass p () satisfies the integrodifferential equ?.tion

R R % yﬁ(S ue dt)'” =0 (3.4)
to
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The relations (1.4), (2.5) and (2.6) assume , in this case, the form

4

l/; _
r= (361 ;S p.”dt) utp, dv )
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t £
X= (j; 36, S pm) pr 2 [ (¢3bl S p,’dt)-’p'iZbl] (xi+yi>
; ot P oz dy
r= (3b, S pe dt) P, a—— 5“02 v beEO
respectively.

We shall call the equations (3.2) and (3.4) the differential and integrodifferential laws
of mass change, respectively. Finite formulas can be obtained either by direct integration
of the equations (3.2) and (3.4), or by employing the relation connecting p() with () and

v() (formula (2.4), lemmas 2 and 3).

4, Theorem 3. BAll possible laws governing the change of mass () with time in the
problem (1.1), (1.4), (1.5), are given by the following finite equations:

WO = (ot + B Fagt + BT,y ==Yk 30/ QVE), 0= b2 — by = (i, — PP >0, @ F 0, w0 (4.1)

B(t)= (A8 + Bt +C) "exp (iLamg _?ﬂ_;B) b= BL-hAC <O (4.2)
i T
- -1 = 3h -
w0 = (@t 4 B exp [+m] 8=0 (4.3)
W (t) = (at + ﬁ)—‘/ziﬂb:l(‘la) (4.4)
B (&) = poexp (£ ¥5byt) (4.5)

Corollary. The real mass p () in the problem (1.1), (1.4), (1.5) can vary neither
periodically, nor oscillatorily.

Note. The Meshcherskii laws follow from the formulas (4.1)— (4.4) with & =0 , and
the formulas (4.4), (4.5) represent a finite form of the generalized Eddington— Jeans law.
The formulas

p)=ot+p
b0 = (@t + B e
p() = (ot + Byt + B2 (4:8)

are particular cases of (4.4). The linear law (4.6) was studied by Lowett (see /1/), who
however mistakenly assumed the first Meshcherskii law to be incorrect. The authors of /7/
established that the cases (4.6) and (4.7) can be used to study the motion in a medium with
resistance. In /8/ it was shown how, using the known initial conditions, one can establish
the phenomena of capture or decomposition of a system, determined by the change of mass, in
the past as well as in the future. The relations (4.8) /9/ contain the formula p () = (2at + 1)
(@t +1)~* obtained in /10/ in the course of investigating a stationary problem of motion of a
(point) satellite in the earth's (sphere) gravity field, acted upon by the resistance of a
homogeneous atmosphere proportional to the velocity. The formula (4.1) was obtained by

L. M. Berkovich and B. E. Gel'fgat /11/ (*).

Theorem 4. In order that the problem (1.1) would admit the rectilinear solutions (2.6)
there is necessary and sufficient if the mass p () varies according to the laws (4.1)— (4.5).
Here the relations defined by Lemma 3 (b, ++0) are used as v(s) -
In conclusion we note that the problem of the mathematical laws of mass change are close-
ly linked to the problem of integrating (1.1), and the latter problem requires special atten-
tion.

The author thanks G. N, Duboshin, V. V. Rumiantsev and A. S. Galiullin at whose seminars
the results were discussed, and V. G. Demin who drew the authoxr's attention to the possibility
of effective utilization of the autonomization method /6/ in the problem of mechanics of the
variable mass bodies.

*) B. E. Gel'fgat (1929—1976) who made considerable contribution to the study of the Two-
body problem with variable mass, died tragically in July 1976 while making an ascent of one
of the Pamir peaks.
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